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Abstract
This works presents the theoretical analysis and experimental observations of bidirectional motion of
a millimeter-scale bristle robot (milli-bristle-bot) with an on-board piezoelectric actuator. First, the
theory of the motion, based on the dry-friction model, is developed and the frequency regions of the
forward and backward motion, along with resonant frequencies of the system are predicted. Secondly,
milli-bristle-bots with two different bristle tilt angles are fabricated, and their bidirectional motions are
experimentally investigated. The dependency of the robot speed on the actuation frequency is studied,
which reveals two distinct frequency regions for the forward and backward motions that well matches our
theoretical predictions. Furthermore, the dependencies of the resonance frequency and robot speed on
the bristle tilt angle are experimentally studied and tied to the theoretical model. This work marks the
first demonstration of bidirectional motion at millimeter-scales, achieved for bristle-bots with a single
on-board actuator.
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1. Introduction
Bristle robots are known for their relatively
simple structure (i.e. no moving parts), simple
actuation method, and their high speed of locomo-
tion [1]. While applications such as pipe inspection
[2, 3] have been proposed, bristle-bots also serve as
excellent models for studying swarm and collective
behavior [4, 5], as well as animal locomotion [6].
From a purely theoretical perspective, the nonlin-
earities of their equations of motion make them an
interesting subject of study [7].
The steerable bristle bots reported in the lit-
erature are in the macro scales (>few cm) and
use differential configurations or multiple actua-
tors/motors to enable steering capabilities [8–10].
However, having multiple actuators complicates
the down-scaling of the bristle-bots. Therefore,
achieving bidirectionality and later full steering
with a single piezoelectric actuator through care-
ful design of the resonance modes of the bristles is
a promising solution for robotics actuation in the
milli/micro-scales.
The possibility of backward locomotion in bristle-
bots was first predicted in [6] using a wet friction
model, and further theoretically analyzed in [7],
and experimentally observed for a macro-scale bristle-
bot (with > 10 cm feature size) using an external
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Figure 1: 3D-printed bristle-bots with 60° and 45° leg tilt
from the horizontal line, compared to a US penny.
shaker [1]. Our work reports on the theoretical
analysis of the bidirectional motion using Coulomb
dry friction model, similar to the model used in
[11]. Taking the analysis further, a fundamental
upper limit on the robot speed as a function of
actuation frequency is derived in this work for the
first time. Furthermore, we extend the analysis
to small-amplitude oscillations and derive the fun-
damental resonance frequencies in the stick and
slip phases. Finally, the theoretically-predicted
bidirectional motion and the speed dependence on
the bristle tilt angle and actuation frequency are
experimentally demonstrated using an on-board
piezoelectric actuator, attached to our 3D-printed
milli-bristle-bots. Figure 1 shows two 3D-printed
bristle bots with dimensions of 12×8×5 mm3 and
bristle horizontal tilt angles of 60° and 45°.
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Figure 2: Depiction of the system coordinates and param-
eters
2. Theoretical Analysis
In this section, the equations of motion (EOMs)
for the ideal motion of bristle-bots, correspond-
ing to a perfect slip phase following a perfect stick
phase are presented. The resonant frequencies as
functions of the system parameters for the stick
and slip modes are derived in the linearized regime,
corresponding to small-amplitude oscillations.
Next, the EoMs in the presence of dry friction
forces are presented in the Cartesian coordinate
system. For small-amplitude oscillations the EoMs
are simplified to piece-wise linear equations, and
the resonant frequencies, in each of these regimes,
are derived as functions of the system parame-
ters. Starting with a reasonable assumption on
the property of the solutions of the EoMs, cor-
roborated later by the numerical simulations, a
fundamental upper-bound for the average speed
of the sinusoidally vertically driven bristle-bots is
presented.
Finally, using numerical techniques, it is veri-
fied that the EOMs in the presence of dry friction
allow for both forward and backward motion. Var-
ious phase portraits for the two directions of the
motion, as well as some other interesting limits of
the system (such as no kinetic friction) are pro-
vided.
2.1. Ideal Motion
The ideal motion of a bristle-bot is character-
ized by a sequence of alternate perfect stick and
perfect slip motions. Following the Lagrangian
formalism (see the supplementary material) in the
absence of energy dissipation and external driving
forces, the EoM in the perfect stick phase is:
mR2θ¨ +mgR cos θ + κ(θ − θ0) = 0 (1)
, where m is the robot mass, g is the gravity con-
stant, R is the leg length, κ is the equivalent tor-
sional spring constant, θ is the angle of the leg
with respect to the ground (i.e. vertical leg has
θ = pi/2), and θ0 is leg angle under no load. The
system coordinates and the various parameters are
depicted in the figure 2.
This equation is only valid in a regime in which
0 ≤ θ ≤ θ0. The body hits the ground when θ = 0
and the legs leave the ground (robot jumps) when
θ = θ0 and θ˙ > 0, because the normal force cannot
be negative.
In a similar fashion, the EoMs in the perfect
slip phase, in the absence of energy dissipation
and external driving forces can be obtained by La-
grangian formalism (see supplementary material)
as:
mx¨ = 0 (2a)
my¨ +mg +
κ(sin−1(y/R)− θ0)
R
√
1− (y/R)2 = 0 (2b)
, where x and y are the horizontal and vertical
coordinates of the leg joint. So we have sin θ =
y/R.
The equilibrium points θ¯ and y¯ corresponding
to when the sum of forces on the robot is zero can
be obtained by solving the steady state equations
(setting time derivatives to zero):
mgR cos θ¯ + κ(θ¯ − θ0) = 0 (3a)
mg +
κ(sin−1(y¯/R)− θ0)
R
√
1− (y¯/R)2 = 0. (3b)
Note that sin θ¯ = y¯/R, which means θ¯ and y¯ cor-
respond to the same equilibrium point.
One can express the equations of motion as de-
viations around the equilibrium point by writing
y = y¯ + yˆ, and θ = θ¯ + θˆ. Taylor expanding and
keeping the linear terms (assuming that motions
around the equilibrium points are small), we ob-
tain the following equations:
¨ˆ
θ + ω2θ θˆ = 0 perfect stick
¨ˆy + ω2y yˆ = 0 perfect slip
x¨ = 0 perfect slip
(4)
, where ωθ and ωy are the resonant frequencies at
perfect stick and perfect slip stages, respectively,
defined as:
ω2θ ≡
(
κ
mR2
)(
1 + (θ¯ − θ0) tan θ¯
)
(5a)
ω2y ≡
(
κ
mR2 cos2 θ¯
)(
1 + (θ¯ − θ0) tan θ¯
)
(5b)
It can be seen that ωy = ωθ/ cos θ¯.
Note that the ideal motion is agnostic to the
direction of motion, being backward or forward. In
the forward motion the perfect stick phase is when
2
θ˙ < 0, while in the backward motion the perfect
stick phase is when θ˙ > 0. The former corresponds
to the robot pushing itself and the latter to the
robot pulling itself. In other words in the forward
motion the slip phase is when the robot is going
up and in the backward motion the slip phase is
when the robot is going down.
2.2. Dry Friction
In this section we relax the assumptions and
write the EoMs assuming Coulomb’s dry friction.
The source of friction is leg tip surface contact, de-
noted by the coordinate xl(t) = x(t)−
√
R2 − y(t)2.
We will see that once we introduce dry friction into
the model, we will end up with three regimes gov-
erned by three sets of EoMs. Two of those regimes
correspond to the kinetic friction case, correspond-
ing to the two cases of the leg tip moving forward
and the leg tip moving backward with respect to
the surface. The third regime corresponds to the
case in which the leg tip is stationary.
The kinetic friction force can be written as:
fk = −µkm(y¨ + g)sign(x˙l) (6)
, where µk is the kinetic friction coefficient. m(y¨+
g) is of course the normal force. Following the
generalized Lagrangian formalism (see the supple-
mentary material), the equations of motion when
the leg tip is moving (x˙l 6= 0), i.e. when kinetic
friction is in play, are as follows:
x¨ = −µk(y¨ + g)sgn(x˙l) (7a)
(y¨ + g)
(
1 + µksgn(x˙l)
y√
R2 − y2
)
+
κ(sin−1(y/R)− θ0)
mR
√
1− (y/R)2 = 0
(7b)
x˙l = x˙+
y˙y√
R2 − y2 6= 0 (7c)
When the leg tip is stationary (stiction phase),
the static frictionfs comes into play. In this case
the old EoMs for perfect stiction will be valid, with
the caveat that the maximum horizontal force, i.e.
the static friction force, shall not exceed µsm(y¨ +
g), where m(y¨ + g) is the normal force. Subse-
quently we have:
mR2θ¨ +mgR cos θ + κ(θ − θ0) = 0 (8a)
x(t) = xl +R cos (θ(t)) (8b)
y(t) = R sin (θ(t)) (8c)
, with the condition:
|x¨| < µs(y¨ + g) (8d)
The system goes out of the slip mode into the
stick mode when the system reaches a point in the
phase space for which the inequality (7c) is invalid.
Similarly, the system goes out of the stick mode
into slip mode when |x¨| = µs(y¨+ g). At this point
if x¨ > 0 then x˙l < 0 , i.e., the leg slips backward.
Conversely if x¨ < 0, then x˙l > 0, i.e. the leg slips
forward.
Note that in the slip mode (x˙l 6= 0), once y
is solved, x can be obtained trivially, and in the
stick mode once θ is solved for, x and y can be
obtained trivially. This stems from our choice of
coordinates and remains true both in the full case
and in the linearized case (see section 2.2.1).
Introducing a driving force (corresponding to
vertically shaking the ground or using an on-board
piezoelectric actuator) into these EoMs is trivial.
One needs to note that the vertical driving force
corresponds to modulating g in the surface coor-
dinate system. Therefore one can make the trans-
formation g → G(t) ≡ g+ η¨(t), in the above equa-
tions, where η(t) is the kinematic equation for the
surface vertical motion. Equivalently η¨(t) can be
thought as the downward force pressing the robot
to the floor, in the case of an on-board actuator.
Due to the existence of the stiction when the
leg tip is stationary, one needs to overcome the
force of static friction, i.e. |x¨| = µs(y¨ + g), for
any slipping to take place and the robot to have
any horizontal translational motion. Otherwise,
the robot will wobble with the legs stuck to the
ground. This is in contrast to the wet friction ∼
µx˙N model used by [6], where the leg is stationary
in the no stiction case.
2.2.1. Small-amplitude oscillations
We can simplify the above systems of equa-
tions, assuming small amplitudes of oscillations
around the equilibrium point. Taylor expanding
around the point and keeping the linear terms, one
gets: 
x¨ = −µk[y¨ + g + η¨(t)] x˙l > 0
x = R cos θ + xl x˙l = 0
x¨ = +µk[y¨ + g + η¨(t)] x˙l < 0
(9a)

y¨ = −ω2yp(y − y¯p)− η¨(t) x˙l > 0
y = R sin θ x˙l = 0
y¨ = −ω2yn(y − y¯n)− η¨(t) x˙l < 0
(9b)
,
θ¨ = −
(
κ
mR2
− sin θ¯[g + η¨(t)]
R
)
(θ − θ¯)
−
(
cos θ¯
R
)
η¨(t)
(9c)
3
,valid when:
|Rθ¨ sin θ + θ˙2R cos θ| <
µs|Rθ¨ cos θ −Rθ˙2 sin θ + g + η¨(t)|
(9d)
ω2yp ≡ κ

1 + ∆θp tan θ¯p + µk
(
tan θ¯p
+ ∆θp(tan
2 θ¯p − sin θ¯pcos2 θ¯p − 1)
)
R2m cos2 θ¯p(1 + µk tan θ¯p)
2

(9e)
ω2yn ≡ κ

1 + ∆θn tan θ¯n − µk
(
tan θ¯n
+ ∆θn(tan
2 θ¯n − sin θ¯ncos2 θ¯n − 1)
)
R2m cos2 θ¯n(1− µk tan θ¯n)2

(9f)
,
∆θp ≡ θ¯p − θ0 =
(−gmR
κ
)(
cos θ¯p + µk sin θ¯p
)
(9g)
∆θn ≡ θ¯n − θ0 =
(−gmR
κ
)(
cos θ¯n − µk sin θ¯n
)
(9h)
, where θ¯p is the angle corresponding to y¯p, the
steady state solution of equation 7b, for the case
x˙l > 0, and θ¯n is the angle corresponding to y¯n,
the steady state solution of equation 7b, for the
case x˙l < 0. θ¯ is the solution to equation 3a. Fi-
nally, η(t) as mentioned earlier is the kinematic
vertical ground shake function, or equivalently the
on-board PZT shakers drives the system with the
downward force of η¨(t). As we can see the EOMs
have been reduced to piece-wise linear differential
equations
Remarks: Note that the introduction of kinetic
friction µk has resulted in the bifurcation of the
resonant frequencies in the slip mode (ωyp and
ωyn) , as well as the equilibrium points (θ¯p and
θ¯n).
Assuming that ∆θ  1, meaning that the legs
are fairly stiff, we can neglect the effect of ∆θ in
frequency bifurcation and make the following ap-
proximations:
ω2yp ≈
ω2y
1 + µk tan θ¯
(10a)
ω2yn ≈
ω2y
1− µk tan θ¯
(10b)
, where ω2y is given by the equation 5b. This shows
that for stiff legs and small amplitude of oscillation
(which is in fact dictated by stiffness if the robot is
to always remain on the ground), ω2yn > ω
2
yp . One
can also see from eq. 9g and eq. 9h, that
θ¯p > θ¯ > θ¯n (11)
Next, note that the asymptotic solution of the
robot motion (once all the transient solutions die
out) cannot be exclusively in the regime x˙l > 0,
or exclusively in the regime x˙l < 0. In other
words one cannot have x˙l(t) > 0,∀t > T . We
demonstrate this by employing proof by contra-
diction: Assume (without loss of generality) that
the steady state is purely in the regime in which
x˙l > 0. Then, on the one hand, by definition of
periodic steady state, we have:
〈x¨〉 = 0 (12a)
〈y¨〉 = 0. (12b)
On the other hand, by being purely in the x˙l > 0
regime and from the EoMs, we have: (9a):
〈x¨〉 = −µk〈y¨〉 − µk〈g〉 − µk〈η¨(t)〉 = −µg (13)
. Eq. 12a is incompatible with eq. 13, so the steady
state cannot by purely in this regime.
The intuitive statement of this fact is that the
robot cannot steadily walk forward in a fashion in
which the leg tip is never going backwards or at
least remaining stationary. Otherwise the friction
will only act in a single direction and thus slows
the robot down.
2.2.2. Upper bound for the average speed
Assuming a force term η¨(t) ∼ sin(ωt + φ) and
enough energy dissipation in the system, we can
conjecture (which is verified later using numerical
analysis) that in the asymptotic solution, once the
transients die out, y˙ will only be zero twice during
each cycle to the first approximation. In this case
the dominant angular frequency will be the driving
angular frequency ω as expected. This means that
the maximum angular range covered in each cycle
is 2 × θ0. Knowing that the leg stop at in each
cycle and the angle must recover, then the maxi-
mum distance that the center of mass can travel in
each cycle is R(1−cos θ0) corresponding to perfect
stiction. This means that the maximum average
speed for the asymptotic solution is:
〈x˙〉max =
( ω
2pi
)
R(1− cos θ0) (14)
, where ω is the angular frequency of the actuator,
R is the robot leg length and θ0 is the free leg
angle.
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2.3. Numerical Solutions in Different Limits
In this section we explore the numerical solu-
tions of the above system of equations for different
system parameters in different regimes. All equa-
tions are solved numerically using GNUOctave[12],
with Livermore solver for ordinary differential equa-
tions (LSODE).
2.3.1. Forward and backward motion
First, we verify that the system of equations
allows for both forward and backward motions de-
pending on the system parameters. Figure 3a de-
picts a backward motion solution, and Fig. 3b de-
picts a forward motion solution. In all the figures
when the leg tip is stationary, the curve is traced
in black. When the leg tip is moving backward,
the curve is traced in red, and when the leg tip
is moving forward the curve is traced in blue. In
this particular case, the only difference between
the two systems is the driving frequency.
2.3.2. Friction, resonance, and damping
The presence of the two kinds of friction, static
and kinetic, can lead to an interesting behavior.
For example, if the static friction is strong enough,
the leg tips remain stationary and the system wob-
bles in place. The same effect can be achieved if
the amplitude of the driving frequency is too small
(See supplementary video).
The limiting case of no kinetic friction, but
non-zero static friction can also lead to interest-
ing behavior. In this case by simply changing the
driving amplitude one can shoot the robot forward
or backward, in a manner similar to a sling. The
final direction of the robot in this case is depen-
dent on the phase of motion, at the moment the
static friction yields. Figures 4a and 4b exemplify
such behavior. The only difference between the
two is the amplitude of the driving function.
At the other extreme, consider the artificial
case in which µs = 0 and µk > 0. This is essen-
tially the friction model used by [1]. We saw in the
previous section that the introduction of µk results
in the bifurcation of resonance frequencies, and the
equilibrium points, one for when the leg is slipping
forward and one for when the leg is slipping back-
wards. It is observed that for a system driven at
ω, where ωyp < ω < ωyn , if y¯p < y < y¯n at all
times, then the system does not exhibit resonance
behavior. On the other if y crosses y¯p or y¯n while
being driven at ω, where ωyp < ω < ωyn , then
the system exhibits resonance behavior. Making y
cross the limit, can be accomplished by increasing
the drive amplitude. On the other hand we can
narrow the y¯n–y¯p range by reducing µk. Figure 5
exemplifies the situation. Of course, the amplitude
cannot grow indefinitely. One way for the growth
to end is hitting the y0 limit, when the robot will
start to jump. Even before that, some internal
damping mechanism will kick in. The damping is
kept out of the equations for simplicity. It can be
introduced if needed as 12ζθ˙
2 dissipation function
in the Lagrangian, where ζ is the angular damping
coefficient in the stiction regime and given the re-
lationship y = R sin θ, it will show up as the term
ζy˙/(R2 − y2), in the slipping regime equation.
3. Experimental Setup
The body and bristles of the bristle-bots with
an overall dimension of 10× 8× 5 mm3 were con-
structed using 3D CAD software and 3D printed
by Formlabs Form 3 printer, using a resin with
a Young’s modulus of 2.8 GPa and a density of
1.02 g/cm3 [13]. A rectangular PZT block of 10×
6×0.3 mm3 size and a d33 piezoelectric coefficient
of 400 × 10−12 m/V, supplied by APC Interna-
tional, Ltd [14], is attached to the top of the 3D
printed bristle-bots with adhesive, and used as the
on-board source of vertical oscillatory vibrations.
The on-board PZT actuator is connected with 42
gauge wires to the Krohn-Hite 7602M amplifier,
which is in turn, connected to the Agilent 33220A
function generator. A sinusoidal voltage input is
fed to the on-board PZT actuator. A fully assem-
bled bristle-bot is shown in Fig. 6. A dot was
painted on top of the bristle-bot as a marker, and
Photron FASTCAM SA3 was used to capture the
motion of the bristle-bot at 60 fps with a 1280×720
resolution. DLTdv digitizing tool from [15] is used
for analyzing the motion by tracking the painted
dot on each robot. The speed of travel is extracted
by measuring the distance traveled divided by the
time between two frames. A complete list of me-
chanical and material properties of bristle-bots are
shown in Table 1. The bristle-bots were individu-
ally actuated on a glass substrate with sinusoidal
signal with frequencies ranging from 10 kHz to 100
kHz in 1 kHz steps with input voltage amplitudes
of 75 V. Static friction coefficient (µs) of 0.36 and
kinetic friction coefficient (µk) of 0.32 between the
robot legs and the glass substrate have been ob-
tained experimentally by measuring the angle of
slope at which the robots start sliding, and the
acceleration of sliding, respectively.
4. Discussions
4.1. Prediction of speed vs. frequency
In this section, we plug in the parameters from
our experimental setup into the EoMs discussed
in section 2.2. In addition to the values for R,
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(a) Backward motion: η(t) = −A cos 10t.
0 0.5 1 1.5 2
0.82
0.83
0.84
0.85
0.86
0.87
t
y
y¯p
y¯n
y0
y¯
0 0.5 1 1.5 2
0.5
0.55
0.6
0.65
0.7
0.75
t
x
x¯
0 0.5 1 1.5 2
-0.05
0
0.05
0.1
0.15
0.2
t
x
l
0.82 0.83 0.84 0.85 0.86
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
y
y˙ y¯ y¯ny¯p
0.5 0.55 0.6 0.65 0.7 0.75
-0.1
-0.05
0
0.05
0.1
0.15
0.2
0.25
x
x˙
-0.05 0 0.05 0.1 0.15 0.2
-1
-0.5
0
0.5
1
xl
x˙
l
0.5 0.55 0.6 0.65 0.7 0.75
0.82
0.83
0.84
0.85
0.86
x
y
-0.05 0 0.05 0.1 0.15 0.2
0.82
0.83
0.84
0.85
0.86
xl
y
-0.05 0 0.05 0.1 0.15 0.2
0.5
0.55
0.6
0.65
0.7
0.75
xl
x
(b) Forward motion: η(t) = −A cos 30t
Figure 3: Various plots and phase portraits pertaining to (a) backward and (b) forward motion. The two systems only
differ in their driving frequency. The system parameters for these particular solution are: κ = 100Nm/rad, m = 1Kg,
g = 9.8ms−2, R = 1m, µs = 0.17, µk = 0.15, θ0 = pi/3, A = 0.01m, where time is measured in seconds. For the backward
case (a), it is seen that for about 0.25s the leg tip is stationary while the amplitude of the motion increases. Eventually
the static friction is not strong enough to keep the leg tip in place and the leg starts sliding resulting in a net backward
motion. In forward case (b) contrary to the backward case (a), the initial kick from the driving function is so strong that
the system immediately goes into the slip mode. This stems from the fact that the maximum force amplitude is ω2A, so
everything else being the same, the higher the driving frequency the stronger the force amplitude. (See supplementary
video)
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(a) Forward motion: A = 0.01m.
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(b) Backward motion: A = 0.001m.
Figure 4: Forward (a) and Backward (b) motion in the case of no kinetic friction. The only different between the two
systems is the driving amplitude A. The system parameters are κ = 100Nm/rad, m = 1Kg, g = 9.8ms−2, R = 1m,
µs = 0.17, µk = 0, θ0 = pi/3, η(t) = −A cospit, (where time is measured in seconds). (See supplementary video)
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(a) Non-resonant response with µk = 0.14, ωyp = 15.77 Hz, ωyn = 20.17 Hz
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(b) Resonant response with µk = 0.11. ωyp = 16.11 Hz, ωyn = 19.51 Hz
Figure 5: Resonance and non-resonance behaviour for a system driven at a resonant frequency. The two systems share
the same parameter values except for their µk: κ = 100Nm/rad, m = 1Kg, g = 9.8ms−2, R = 1m, µs = 0, θ0 = pi/3rad,
A = 0.0075m, η(t) = −A cos 18t, (where time is measured in seconds), and ωy = 17.56. (See supplementary video)
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Figure 6: Assembled bristle-bot with on-board PZT actu-
ator and soldered wires for power.
Property Value
Resin Density (ρ) 1.02 g/cm3
Total Mass (m) 0.27 g
Young’s Modulus (E) 2.8 GPa
Poisson Ratio (ν) 0.35
Number of Legs 12
Leg Diameter 0.8 mm
Leg Length (R) 2.7 mm
Leg Tilt Angle (θ0) 60°, 45°
Static Friction Coefficient (µs) 0.36
Kinetic Friction Coefficient (µk) 0.32
Table 1: Mechanical and geometrical properties of the fab-
ricated milli-bristle-bots.
g = 9.8 m/s2, θ0 (pi/3 or pi/4), µs, µk and m pro-
vided in Table 1, the equations require the value
for κ, and the form for η. We estimate the effective
κ ≈ 0.1 Nm/rad (see the supplementary material).
For the driving function we choose the typical val-
ues A = 10−8m and η = A cos(ωt). We perform
a frequency sweep (varying ω from 2pi× 104 rad/s
to 2pi×105 rad/s in increments of 2pi rad/s), mea-
suring the robot speed vs. the input frequency for
the two cases of leg tilt angles. The simulation for
each driving frequency ran for 2 ms (i.e. 20 cy-
cles for the lowest frequency and 200 cycles for the
highest frequency). The speed was measured by
dividing the distance travelled in the last 1 ms by
the time interval (i.e. 1 ms). Figure 7, depicts the
speed vs. frequency response. As shown in Fig. 6,
two prominent peaks are observed, corresponding
to the (1) forward and (2) backward motions. The
resonance frequencies derived for small amplitudes
in different regimes are depicted in the diagram.
The first peak, corresponds to the frequency at
which the forward speed is at maximum, appears
near ωy, which is the slip case resonant frequency.
The second peak, corresponding to the backward
motion, is more prominent for the θ0 = pi/3 tilt
angle case.
A careful examination of the numerical solu-
tion reveals that at points, the solutions contain
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Figure 7: Speed vs. frequency, for the frequency range
10 ≤ f ≤ 100 kHz with A = 10−8m, and typical robot
system parameters at two different bristle angles from the
horizontal line. The fundamental frequencies of the system
in different regimes are shown for each case. Note that fθ
of the two systems are almost identical.
y > R sin θ0. This typically indicates a jump, how-
ever the maximum y − R sin θ0valueis ∼ 10−6 m,
which is negligible considering the surface rough-
ness of the ground and the bristles.
4.2. Measured speed vs. frequency
A sinusoidal voltage waveform was applied to
the on-board piezoelectric actuator, where the ac-
tuation frequency was swept from 10 kHz to 100
kHz, at a constant 75 V amplitude. The robot
speed is plotted against actuation frequency for
two different bristle tilt angles in Fig. 8. The for-
ward locomotion speed of the bristle-bots peaks
at 27 kHz and 31 kHz, for robots with 45° and
60° bristle tilt angle, respectively. The backward
locomotion of the corresponding bristle-bots is in-
duced at 70 kHz and 75 kHz, respectively. The
forward speed of the bristle-bots is about 5 times
larger than the backward speed. The supplemen-
tary video for Fig. 8 shows the forward and back-
ward motion of the 3D-printed milli-bristle-bot with
on-board actuator.
The theoretical speed vs. frequency prediction
well matches the experimentally measured values,
particularly in the case of θ0 = pi/3. Qualitatively,
in both theory and experiment, there is a promi-
nent peak around 20 to 30 kHz frequencies, cor-
responding to the forward motion. Then, a gap
of zero or very small speed appears, followed by
the backward motion region at higher frequencies,
around 70 to 80 kHz, but with lower peak speeds.
Note that this backward region does not corre-
spond to the backward behavior that has been pre-
dicted or observed in [11] or [1]. Unlike this work,
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Figure 8: Experimental measurement of the speed vs. fre-
quency of the robot with bristles having 60°and 45° horizon-
tal tilt angles, with the error bars shown for multiple exper-
iment runs. The robots are actuated by a sinusoidal voltage
with an amplitude of 75 V. (See supplementary video for
the experimental observation of the forward and backward
motions.)
in the two latter cases, the backward frequency is
lower than the forward frequency and in the case
of [1], there is a well-defined transition frequency.
For the leg angle θ0 = pi/3, the corresponding peak
frequencies for the forward and backward regions
of theory and experiment are very similar. Fur-
thermore, the theory predicts that reducing the
bristle angle to pi/4 reduces the resonant frequency
of the purely slip case (which is proportional to
1/ cos θ¯) and thus shifts the peak speed frequency
to the left. This effect was observed in the ex-
periment as well. The numerical solutions also
suggest that the peak speed for the lower bristle
angle is lower than that of the higher bristle an-
gle, and the experimental results match the pre-
diction. The discrepancies observed between the
theory and experiment, regarding the backward
regions of θ0 = pi/4 case, are attributed to the
non-idealities and assembly imperfections, such as
off-centered placement of the PZT block on the
robot body, or tension due to the wires applying
forces on the experimental bristle bots. Further-
more, the theoretical model assumes the robot to
move in 2D (i.e. locomotion in x-axis, with body
oscillations in y-axis), while the experimental bris-
tle bots move in 3D space (locomotion in x- and
y-axis, with body oscillations in z-axis) which leads
to greater internal frustration of the multi-legged
bristle-bot system.
5. Conclusion
We provided a theoretical analysis of the dy-
namics of bristle robots, subject to dry friction
and derived the fundamental frequencies of the
system. We also reported on the fabrication of
milli-bristle-bots with a single on-board actuator
and varying bristle tilt angles. The body and bris-
tles of the bristle-bots were 3D-printed and a PZT
actuator plate was first diced and then attached
to the robot body to provide on-board oscillatory
vibrations. In accordance with our theoretical pre-
diction, backward motion frequency regions were
experimentally observed at higher frequencies than
the forward motion frequency regions, unlike pre-
vious reports. We also reported for the first time
on the effect of the bristle angles on the locomotion
speed. As predicted by our theoretical model, the
peak speed frequency was indeed reduced as the
bristles were further tilted towards the horizontal
line.
The bidirectional motion using a single on-board
actuator, reported here for the first time, is a stepping-
stone for achieving full steering capability at the
millimeter and micrometer scales. Further enhance-
ments to the theory including taking non-idealities
such as weight distributions and adhesion forces
into account might be necessary for a more accu-
rate prediction of the response of the bristle-bots.
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